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We study possible superfluid states of the Rashba spin-orbit coupled (SOC) spinor bosons with
the spin anisotropic interaction λ hopping in a square lattice. The frustrations from the non-abelian
flux due to the SOC leads to novel spin-bond correlated superfluids. By using a recently developed
systematic ”order from quantum disorder” analysis, we not only determine the true quantum ground
state, but also evaluate the mass gap in the spin sector at λ < 1, especially compute the the excitation
spectrum of the Goldstone mode in the spin sector at λ = 1 which would be quadratic without the
analysis. The analysis also leads to different critical exponents on the two sides of the 2nd order
transition driven by a roton touchdown at λ = 1. The intimate analogy at λ = 1 with the charge
neutral Goldstone mode in the pseudo-spin sector in the Bilayer quantum Hall systems at the total
filling factor νT = 1 are stressed. The experimental implications and detections of these novel
phenomena in cold atoms loaded on a optical lattice are presented.
There were previous extensive research efforts to study
the geometric frustrations on the boson superfluids in
a triangular1–8 and a Kagome lattice8–12. There were
also more recent investigations on the Abelian flux in-
duced frustrations to the boson superfluids in a bipartite
lattice13–15. However, the interplay of Rashba or Dres-
selhaus spin-orbit coupling (SOC) with interactions has
not been studied in any bosonic superfluid systems yet.
The SOC leads to a non-Abelian flux which can be char-
acterized by various Wilson loops16.
The Rashba or Dresselhaus spin-orbit coupling
(SOC)17–24 is ubiquitous in various 2d or layered non-
centrosymmetric insulators, semi-conductor systems,
metals and superconductors. The lattice regularization
of any linear combination of the Rashba and Dresselhaus
SOC αkxσx + βkyσy is the kinetic term in Eq.1. The
anisotropy can be adjusted by the strains, the shape of
the surface or gate electric fields. In the cold atom side,
there were experimental advances to generate 2d Rashba
SOC for the fermion 40K gas25,26 and the tunable quan-
tum anomalous Hall (QAH) SOC for 87Rb atoms in a
square lattice27. More recently, the optical lattice clock
scheme has been implemented to generate very long life-
time 1d SOC for various atoms28–33. The 2d Rashba SOC
with a long enough lifetime in a square lattice maybe gen-
erated in some near future cold atom experiments.
In this paper, we will investigate various spin-bond cor-
related Superfluids of Rashba spin-orbit coupled (SOC)
spinor bosons in a square lattice weakly interacting with a
spin-anisotropic interaction parameter λ. For the Rashba
SOC, we focus on the anisotropic line (α = π/2, β).
We find the SOC provides a completely new frustrat-
ing source than the well studied geometric frustrations
and Abelian flux. It leads to various novel frustrated
Superfluids even in a bipartite lattice. Our main results
are summarized in the (β, λ) phase diagram in the Fig.1.
There are various SF states such as PW-X, Z-x, PW-XY
and ZY-x phases34 with not only off-diagonal long range
order, but also different kinds of spin-bond correlated or-
ders and various novel quantum phase transitions among
these SF phases. We develop a novel, general and sys-
tematic ”order from quantum disorder” analysis to not
only determine the quantum ground state, to calculate
the roton gap, but also the correction to the spectrum
in the PW-X state, especially the dispersion of the SOC
Goldstone mode in the PW-X state at λ = 1. When
0 < β < βc, by performing the analysis, we find the tran-
sition from the PW-X to the Z-x state is a novel second
order one driven by the roton touchdown with different
critical exponents on the two sides of the transition35.
The roton mode at λ < 1 becomes the SOC Goldstone
mode at the spin isotropic interaction point λ = 1 due to
the U(1)soc symmetry breaking. While the PW-X to the
PW-XY is a second order Bosonic Lifshitz one with the
anisotropic dynamic exponents (zx = 1, zy = 2) and an
accompanyingZ2 transition breaking the Px symmetry in
the spin sector. It is driven by the softening of the super-
fluid Goldstone mode along the y direction. The two sec-
ond order transitions meet at a Tetra-critical point. We
also extend our analysis to βc < β < π/2. The finite tem-
perature phase transitions and the the transitions from
weak to strong coupling above all these phases in Fig.1b
are sketched. The intimate analogy at λ = 1 with the
charge neutral Goldstone mode in the pseudo-spin sector
in the Bilayer quantum Hall systems at the total filling
factor νT = 1 are stressed. The transitions driven by the
roton touchdown are contrasted with those leading to
superfluid to supersolid transitions in frustrated lattices.
Dramatic differences than the frustrated superfluids in
the QAH systems of spinor bosons in a square lattice are
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FIG. 1. (a) Minima of kinetic energy along the anisotropic
line (α = pi/2, β). All the minima are transferred to each
other by the discrete symmetries of the Hamiltonian (a1) two
minima at (±pi/2, 0) when 0 < β < βc ∼ 0.29pi (a2) four
minima at (±pi/2, k0) when βc < β < pi/2. (b) The phase
diagram in (β, λ) in the weak coupling limit U/t ≪ 1. The
system is always in a SF phase. There is a U(1)soc symmetry
at λ = 1. This symmetry is explicitly broken by the spin-
dependent interaction λ 6= 1. At λ < 1, there are two plane
wave (PW) SF phases: PW-X ( with degeneracy d = 2 )
and PW-XY ( d = 4 ) at 0 < β < βc and βc < β < pi/2
respectively both of which break no translational symmetry.
At λ > 1, there are two stripe SF phases along the x- bonds:
Z-x ( d = 2 ) and ZY-x ( d = 4 ) at the two β intervals
respectively. All the four phases meet at the Tetra-critical (
T ) point. At λ = 1, there are also two plane wave (PW) SFs:
PW-X and PW-XY both of which spontaneously breaks the
U(1)soc symmetry leading to one SOC Goldstone mode. All
the other SFs at λ = 1 can be reached by performing a U(1)soc
transformation on the two representative PW SF states. The
finite temperature phase transitions above all these SF phases
are shown in Fig.5,6.
listed. The experimental implications and detections of
these novel phenomena in cold atoms are presented.
We study short-range interacting bosons hopping in a
square lattice subject to non-abelian gauge potential16:
HU = −t
∑
〈i,j〉
b†(iσ)Uσσ
′
ij b(jσ
′) + h.c.
+
U
2
∑
i
(n2i↑ + n
2
i↓ + 2λni↑ni↓)− µ
∑
i
ni (1)
where the U1 = e
iασx , U2 = e
iβσy are the non-abelian
gauge fields put on the two links in the square lattice
( Fig.1b). Setting α = β = 0, Eqn.1 reduces to the
conventional spin 1/2 ( two component ) spinor boson
Hubbard model. In this paper, we focus on various novel
Superfluids along the anisotropic SOC line16 (α = π/2, β)
and spin-anisotropic interaction λ.
RESULTS
1. Mean field Analysis of the ground states in
β, λ space. In the weak interaction limit U ≪ t, one
can diagonalize the kinetic energy first, then treat the
U as a small perturbation. Along the anisotropic line
α = π/2, 0 < β < π/2, the kinetic energy is:
H0 = −t
∑
i
[b†i (iσx)bi+x + b
†
ie
iβσy bi+y + h.c.] (2)
which becomes H0 = −2t
∑
k b
†
k[cos β cos ky − sin kxσx −
sinβ sinkyσy]bk in the ~k space.
The non-interacting Hamiltonian H0 has the follow-
ing Z2 reflection symmetry: (1) Px: ky → −ky, σy →
−σy, σx → σx, σz → −σz . (2) Py : kx → −kx, σx →
−σx, σy → σy, σz → −σz. (3) Pz: kx → −kx, σx →
−σx, ky → −ky, σy → −σy, σz → σz. This Pz symme-
try is also equivalent to a joint π rotation of orbital and
spin around zˆ axis. All these discrete symmetries are re-
spected by the interaction. In addition to the discrete
symmetries, there is also a spin-orbital coupled U(1)soc
symmetry at λ = 1.
When 0 < β < βc ∼ 0.29π, there are two minima
in the lower band at (±π/2, 0). When βc < β < π/2,
there are four minima in the lower band at (±π/2,±k0)
where sin k0 =
√
sin2 β − cot2 β, 0 < k0 < π/2. We will
demonstrate our results on the left part 0 < β < βc in
Fig.1. Then at the end, we will outline our results to the
right half βc < β < π/2.
At the weak coupling, most of the bosons condense
into:
Ψi,0 =
1√
2Ns
[
c1e
iK·ri
(
1
−1
)
+ c2e
−iK·ri
(
1
1
)]
(3)
where K = (π/2, 0) and c1 and c2 are two complex c-
numbers subject to the normalization condition |c1|2 +
|c2|2 = 1.
For general λ, we obtain the mean field interaction
energy of the state:
E0int =
U
2Ns
(
1 +
λ− 1
2
[1− (c1c∗2 + c∗1c2)2]
)
(4)
whose minimization leads to various mean field states. In
the following section, we study λ < 1, λ = 1, and λ > 1
in detail.
2. Order from disorder analysis on the PW-X
SF at 0 < β < βc, λ < 1. The minimization of Eq.4 re-
quires c1c
∗
2+ c
∗
1c2 = 0 which implies two sets of solutions
(1) c1 = 0 or c2 = 0. (2) arg(c1) − arg(c2) = ±π/2. So
one must perform an order from disorder analysis to find
the quantum ground state from this classically degener-
ate set of states. It turns out that due to the singularities
at the Plane wave solutions c1 = 0 or c2 = 0, it is diffi-
cult to perform such a analysis in the original basis Eq.3.
It is necessary to go to a different basis. We find it is
convenient if we introduce two Z-x states which satisfy
QΨ0Z-x,± = ±Ψ0Z-x,± with Q =
∑
i(−1)ixSzi :
Ψ0Z-x,± =
1
2
√
Ns
[
eiK·ri
(
1
−1
)
± e−iK·ri
(
1
1
)]
(5)
which can be used to re-parameterize Eq.3 as:
Ψi,0 = e
iφ/2 cos(θ/2)Ψ0Z-x,+ + e
−iφ/2 sin(θ/2)Ψ0Z-x,− (6)
3which means that in Eq.3:
c1 = [e
iφ/2 cos(θ/2) + e−iφ/2 sin(θ/2)]/
√
2,
c2 = [e
iφ/2 cos(θ/2)− e−iφ/2 sin(θ/2)]/
√
2 (7)
and the interaction energy becomes
E0int =
U
2Ns
(
1 +
λ− 1
2
sin2 θ
)
(8)
which determines θ = π/2, 3π/2 · · · . However, we cannot
determine φ which forms a classically degenerate family.
One must study quantum corrections to the ground state
energy, namely, the order from disorder analysis.
Setting θ = π/2, one can rewrite the spinor field into a
condensation part plus a fluctuating part Ψ =
√
N0Ψ0+ψ
where N0 is the number of condensate atoms. As shown
in the Method section, the substitution leads to the ex-
pansion of the Hamiltonian H = H(0)+H(1)+H(2)+ · · ·
where the superscript denotes the order in the fluctua-
tions ψ and · · · means high order. H(0) = E(0) is the
classic ground state energy, setting H(1) = 0 determines
the value of the chemical potential µ = −2t(1 + cosβ) +
Un0(1 + λ)/2. Diagonizing H
(2) by a 8 × 8 Bogoliubov
transformation leads to
H2 = E
(2)
0 +
∑
k∈RBZ
4∑
l=1
ωl(k;φ)
(
β†l,kβl,k +
1
2
)
(9)
and the quantum corrections to the ground state energy:
EGS(φ) = E0t +
1
2
∑
k∈RBZ
4∑
l=1
ωl(k;φ) (10)
where E0t = E
(0) + E
(2)
0 . We find that it picks up its
minima at φ = 0, π, · · · . So the “quantum order from
disorder” mechanism selects the PW-X with c1 = 1, c2 =
0 or c1 = 0, c2 = 1 among the classical degenerate family
tuned by φ.
(a) The Excitation spectrum of the PW-X state
After determining the quantum ground state to be the
PW-X state, we now investigate its excitation spectrum
and also its critical behaviours when approaching the
three boundaries β → β−c , λ→ 1− and β → 0+ in Fig.1.
There are two linear gapless modes located at36 (0, 0)
and (π, 0) respectively:
ωG(q) =
√
n0tU(1 + λ)[q2x +A(β)q
2
y ],
ωR(q) =
√
n0tU(1− λ)[q2x +A(β)q2y ] (11)
where A(β) = cosβ − sin2 β. The first is just the su-
perfluid Goldstone mode, the second is the roton mode
where q = k − (π, 0). As to be shown below, the roton
mode will acquire a gap ( Fig.3a) from the order from
disorder mechanism
Because qx direction is always non-critical, so we can
set qx = 0 in the above equations. Because A(βc) = 0,
so the Goldstone mode becomes quadratic along the qy
direction at βc:
ωG(qx = 0, qy) =
√
n0tU(1 + λ)/2q
2
y, (12)
which is a bosonic Lifshitz transition with the anisotropic
dynamic exponent zx = 1, zy = 2.
As λ → 1−, the Goldstone mode remains un-critical,
but the roton mode becomes a quadratic one:
ω0R(q) = t
√
[q2x +A(β)q
2
y ][q
2
x +A
′(β)q2y ] (13)
where A′(β) = cosβ − sin2 β1+n0U/2t . In the following, we
will perform an order from disorder analysis on the roton
mode.
(b) The Roton mass gap generated from the ”order by
disorder” mechanism in the PW-X state
Combining Eq.8 and Eq.10, we can extract the θ and
φ dependence of the ground state energy around its min-
imum:
H2 = E0t +
1
2
A(δθ)2 +
1
2
B(δφ)2 (14)
where θ = π/2 + δθ and φ = 0 + δφ. We obtain
A = (1 − λ)Un20/2 analytically from Eq.8, and B(λ) =
b(n0U)
2/t ∼ can be numerically extracted from Fig.2a.
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FIG. 2. The B term in the order from quantum disorder
analysis (a) B(λ < 1) defined in Eq.14. (b) B(λ = 1) defined
in Eq.21.
Because [n0δθ/2, δφ] = i~ forms a pair of conjugate
variables. The “quantum order from disorder” mecha-
nism leads to the roton gap:
∆−R = 2
√
AB/n0 =
√
2(1− λ)UB ∼ n0U
√
U/t (15)
which is shown in Fig.4b to be a monotonically increas-
ing function of β. When β → 0+, the roton mode near
(π, 0) becomes the Goldstone mode due to the breaking of
U˜(1)z at β = 0. Indeed, the roton gap vanishes β → 0+
as shown in Fig.4b.
As shown below, B is non-critical as λ approaches 1−,
so critical behaviour of the roton gap ∆−R ∝
√
1− λ when
λ < 1.
In fact, as shown in the method section, the order from
disorder mechanism not only leads to the gap in Eq.15,
but also modify the dispersion shown in Eq.48
3. The Order from disorder analysis on the
PW-X SF at βc < β < π/2, λ = 1. When λ = 1
and β < βc, Eq.4 shows that any c1 and c2 give the
4same interaction energy, thus they form a classically de-
generate ground-state manifold. It was known that the
Hamiltonian Eq.1 at α = π/2 and λ = 1 has a spin-orbit
coupled Usoc(1) symmetry Q =
∑
i(−1)ixSyi . In order
to distinguish between an accidental degeneracy and the
exact degeneracy, we introduce two Y-x states:
Ψ0Y-x,± =
1
2
√
Ns
[
eiK·ri
(
1
−1
)
± ie−iK·ri
(
1
1
)]
(16)
which satisfy QΨ0Y-x,± = ±Ψ0Y-x,±.
They can be used to re-parameterize Eq.3 as:
Ψi,0 = e
iφ/2 cos(θ/2)Ψ0Y-x,+ + e
−iφ/2 sin(θ/2)Ψ0Y-x,−
(17)
which means that in Eq.3:
c1 = [(e
iφ/2 cos(θ/2) + e−iφ/2 sin(θ/2)]/
√
2,
c2 = i[(e
iφ/2 cos(θ/2)− e−iφ/2 sin(θ/2)]/
√
2 (18)
The U(1)soc symmetry at λ = 1 dictates that the en-
ergy should be independent of φ. We expect that the
classical degeneracy at the angle θ will be lifted by quan-
tum effects, and a unique θ will be determined by the
order-from-disorder mechanism.
We set φ = 0 to spontaneously breaks the U(1)soc sym-
metry. Following the similar procedures as in the last
section, we obtain Eqs.9,10 which pick up its minima
at θ = π/2, · · · . So the “quantum order from disorder”
mechanism still selects the PW-X state (θ = π/2, φ = 0).
All the other exactly degenerate states can be generated
by changing φ. If we take c1 = 1, c2 = 0 PW-X state in
Eq.3, then the U(1)soc related family is
Ψ0(φ) =
1√
2Ns
[
cosφeiK·ri
(
1
−1
)
− sinφe−iK·ri
(
1
1
)]
(19)
whose corresponding spin-orbital structure is 〈σx〉 =
− cos 2φ, 〈σy〉 = 0, 〈σz〉 = −(−1)x sin 2φ. Setting φ =
0, π/2 and φ = π/4, 3π/4 recovers the two PW-X state
and the Z-x,± state respectively.
By comparing Ψλ<1i (θ1 = π/2, φ1) in Eq.6 with
Ψλ=1i (θ2, φ2 = 0) in Eq.17 ( we used the subscript 1 for
λ < 1 and 2 for λ = 1 case ), we can see the relations be-
tween the order from disorder variables in the two cases:
θ2 = π/2− φ1 (20)
which just shows the (θ, φ) exchanges in the Z-x basis in
Eq.6 and the Y − x basis in 17.
(a) The Goldstone mode spectrum computed from the
”order by disorder” mechanism in the PW-X SF state
The Usoc(1) symmetry dictates no φ dependence, so
the ground state energy an be written as:
EGS(θ) = E1 +
1
2
B(δθ)2 (21)
where E1 = EGS(θ = π/2) and δθ = θ − π/2 and B(λ =
1) can be extracted from Fig.2b. The A term in Eq.14
vanishes due to the exact Usoc(1) symmetry. Because
limλ→1 B(λ < 1) = B(λ = 1), so B(λ) is continuous at
λ = 1.
As shown in the method section, the “quantum order
from disorder” mechanism changes the quadratic disper-
sion in Eq.13 to a linear one: which is nothing but the
SOC Goldstone mode due to the spontaneous breaking
of the Usoc(1) symmetry,
ωR =
√
2Bt
n0
[
q2x +A
′(β)q2y
]
(22)
where because B ∼ (n0U)2/t, so the slope of the roton
mode v ∼ √n0U is smaller than the superfluid velocity
c ∼ √n0Ut in Eq.11 Fig.3b. Due to the wide momentum
separation between the Goldstone and roton mode, the
Goldstone mode is not affected by the order from disorder
analysis.
We observe that at the bosonic Lifshitz transition point
βc in Fig.1b A(βc) = 0, but A
′(βc) > 0, so the SF Gold-
tone mode in Eq.11 becomes quadratic signifying the
transition, while the SOC Goldstone mode in Eq.22 re-
mains linear along the y direction. So the SOC Goldstone
mode is non-critical across the bosonic Lifshitz transition.
This fact is important to determine the finite tempera-
ture phase transitions above the λ = 1 line in Fig.7.
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kx kxK-K
PW-X
kxK-K 0
λ = 1(a) (b) (c)
ω ω ω
λ < 1 λ > 1
∆R = 0 ∆R ∝ λ− 1∆R ∝
√
1− λ
FIG. 3. Evolution of the low energy excitations as λ changes
from λ < 1 to λ = 1 and λ > 1 at a fixed 0 < β < βc. (a)
The roton gap ∆−R ∼
√
1− λ generated by the order from
disorder mechanism at λ < 1. (b) The SOC Goldstone mode
at (−pi/2, 0) due to the U(1)soc breaking computed by the
order from disorder mechanism at λ = 1. (c) The roton gap
∆+R ∼ λ − 1 in the Z-x state at λ > 1. The superfluid Gold-
stone mode at (pi/2, 0) from the U(1)c breaking remains un-
critical through the transition.
4. The Z-x SF state at βc < β < π/2, λ > 1.
When λ > 1 and β < βc, the minimization of Eq.4 re-
quires c1c
∗
2+ c
∗
1c2 = ±1 which means c1 = ±c2 = eiγ/
√
2
where γ is a globe phase. So the 2 fold degenerate ground
state is either ΨZ-x,+ with c1 = c2 = 1/
√
2 or ΨZ-x,− with
c1 = −c2 = 1/
√
2.
Let us pick up the ΨZ-x,+ state, we find its 4 excitation
modes ω1,2,3,4(k) in ascending order: ω1(k) contains a
Goldstone mode at (0, 0) ( Fig.3c), ω2(k) contains a roton
mode at (0, 0) ( Fig.3c) and ω3,4(k) are high energy bands
( not shown in Fig.3c ). Note that the Z-x state breaks
the translation symmetry to two sites per unit cell, so
5the Brillioun zone ( BZ) in the PW-X state becomes the
Reduced BZ (RBZ) with −π/2 < kx < π/2,−π < ky <
π.
We also extract the long wavelength limit of the SF
Goldstone mode:
ω1(k) =
√
2n0tU
[
k2x +A
′′(β, λ)k2y
]
(23)
where k ∈ RBZ and A′′(β, λ) = cosβ − sin2 β1+Un0(λ−1)/4t .
Because A′′(β, λ = 1) = A(β), it recovers the SFGold-
stone mode in Eq.11 at λ = 1. However, when λ > 1, by
setting A′′(β0, λ) = 0, one can see the Bosonic Lifshitz
transition line shifts to β0(λ) > βc as shown in Fig.1b.
We also obtain the critical behaviour of the roton mode
∆+R = ω2(0, 0) ∝ λ− 1.
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FIG. 4. (a) The quantum critical behaviour of the roton gap
∆R ∼ |1 − λ|β′ as a function of λ at a fixed β = pi/10.
β′− = 1/2, β
′
+ = 1 provide the first example of a QCP with
different critical exponents on two sides of a QCP. However,
as shown in Sec.4, the transition from the PW-XY to the ZY-
x is also driven by the roton touchdown with equal exponents
on both sides β′− = β
′
+ = 1. (b) The roton gap ∆R in red line
calculated by order from disorder analysis Eq.15 in the PW-X
and PW-XY state when λ < 1 is a monotonically increasing
function of β at a fixed λ = 1/2. The Green line is before the
order from disorder analysis. Both fixed t = 1, n0U = 1 and
n0 ≈ 1. Note that βc ≈ 0.288pi.
5. The SFs and transitions on βc < β < π/2.
So far, we focused on the left part of the phase diagram
Fig.1. In this section, we apply similar methods to study
the SFs and transitions on the right half βc < β < π/2
of Fig.1.
(a) When λ < 1 , the ~Q takes one of the four minima
(±π/2,±k0) shown in Fig.1a2 and the φ(β) is determined
by k0and given in Eq.25. Then 〈σx〉 = − cosφ(β), 〈σy〉 =
sinφ(β), 〈σz〉 = 0. This is the PW-XY state in Fig.1b
where the spin is in the XY plane. It breaks the Px
symmetry. There is a quantum phase transition from the
plane wave superfluid at β < βc ( PW-X) to the plane
wave superfluid at βc < β < π/2 (PW-XY) which is in
the Ising university class in the spin sector. As shown
in Sec.2 and confirmed also below, this Iisng transition
in the spin sector is just affiliated to the bosonic Lifshitz
transition at β = βc with the dynamic exponents (zx =
1, zy = 2).
Writing Ψ = Φ0,PW−XY + ψ, following similar pro-
cedures as in the PW-X phase, we are able to find the
excitation spectrum above the PW-XY state. We find
a gapless SF mode36 at (0, 0) which is due to the U(1)c
symmetry breaking. We also find three gapped modes
at (π, 0), (π, 2k0) and (0, 2k0) ( Fig.1a2). In the follow-
ing, we will study the critical behaviors of these modes
(1) across the phase transition from the PW-XY to the
ZY-x transition through the λ = 1 line where there is
the enhanced U(1)soc symmetry. (2) across the phase
transition from the PW-X to the PW-XY through the
bosonic Lifshitz transition at β = βc. (3) approaching to
the right axis β → π/2−.
At a fixed βc < β < π/2, as λ → 1− along the red
dashed line in Fig.1b, the gapless linear SF mode remain
un-critical, the roton gap at (π, 0) decreases to zero as
∆−R ∼ 1−λ, the mode becomes linear, it is just the SOC
Goldstone mode due to the U(1)soc symmetry breaking
at λ = 1. We find the roton gap at (π, 2k0) also decreases
to zero, but the mode becomes quadratic. As to be shown
below, an order from disorder analysis at λ = 1 will open
a gap to this quadratic mode. However, the roton gap at
(0, 2k0) remains as λ→ 1−.
At a fixed λ < 1, as β → β+c in Fig.1b, the gapless lin-
ear SF mode at (0, 0) also becomes quadratic along the
y direction as in Eq.12, so confirm the transition at βc
is a second order bosonic Lifshitz one with the dynamic
exponents (zx = 1, zy = 2). The roton gap at (π, 0) de-
creases to zero, the mode becomes linear, matches the
behaviours of the roton mode from the left ( before ap-
plying the order from disorder analysis ) shown in Fig.4b.
Of course, as β → β+c , then k0 → 0, the modes at (π, 2k0)
and (0, 2k0) become the same as those at (π, 0) and (0, 0)
respectively. As β → π/2− in Fig.1b, k0 → π/2, only
the mode at (π, π) becomes a gapless linear one ( as to
be shown in the next section, this mode becomes the
Goldstone mode due to the ˜˜Uz(1) symmetry breaking at
λ < 1, β = π/2 ), while the modes at (0, π) and (π, 0)
remain gapped.
(b) Order from quantum disorder at λ = 1. We find
that in addition to the exact U(1)soc symmetry, there is
also a spurious U(1) symmetry leading to a classically
degenerate family of states. By a similar order from dis-
order analysis as in the β < βc, λ = 1 case, we show that
the quantum ground state is the PW-XY state upto all
the other states related by the exact U(1)soc symmetry (
Fig.1b ). Then there exists two gapless modes which are
due to the U(1)c and U(1)soc symmetry breaking respec-
tively.
Indeed, as approaching from below λ → 1−, as said
above, the roton gap ∆R at (π, 0) decreases to zero as
∆−R ∼ 1 − λ, the mode becomes linear at λ → 1 which
is precisely the SOC Goldstone mode due to the U(1)soc
symmetry breaking. The roton gap at (π, 2k0) also de-
creases to zero, but the mode becomes quadratic which
is due to the spurious U(1) symmetry at λ = 1. The
order from disorder analysis at λ = 1 opens a gap to
the quadratic mode at (π, 2k0). So (π, 2k0) remains un-
critical across the PW-XY to the ZY-x transition.
As λ→ 1−, β → π/2, namely approaching the Abelian
point with a π flux, all the three modes touch zero: the
6modes at (0, π), (π, 0) become linear, while the (π, π)
mode becomes quadratic ( which, as to be shown below,
will become a linear mode after an order from disorder
analysis ). These facts recover those found at the π flux
Abelian point in15 and will be discussed again in Sec.6.
(c) When λ > 1 . ~Q1 can take one of the two values
~Q1 = (π/2,±k0) in Fig.1a2, then ~Q2 = (−π/2,±k0).
It leads to the 4-fold degenerate ZY-x phase with the
momentum (π, 0) in Fig.1b where the spin is in the ZY
plane as shown in Eq.27 and Fig.8. Following the similar
procedures as in the Z-x state on the left in Fig.1b, in
the RBZ, we find a SF Goldstone mode ω1(k) and also
a roton mode ω2(k) with a roton gap ∆
+
R = ω2(0, 0) ∝
λ− 1.
6. The physical picture from the left and right
Abelian points
(a) Left Abelian point: The analogy at λ = 1 to the
neutral gapless mode in the Bilayer Quantum Hall system
(BLQH)
At the left Abelian point (β = 0, λ = 1), the spin
SU(2) symmetry becomes evident in the rotated basis
S˜i = (S
x
i , (−1)ixSyi , (−1)ixSzi ). The breaking of this
S˜U(2) leads to the quadratic FM spin wave mode ω ∼ k2.
However, at any β > 0, the spin S˜Us(2) symmetry is re-
duced to the U(1)soc. So the FM spin wave becomes
a linear Goldstone mode at any β > 0. Very similar
phenomena happen in the bilayer quantum Hall systems
(BLQH) at the total filling factor νT = 1
54,55. At d = 0,
there exists an exact SUs(2) symmetry dictating a ω ∼ k2
neutral gapless mode. At any finite distance d > 0, a ca-
pacitive term reduces the spin SU(2) symmetry to a easy
plane U(1) symmetry, therefore transfers the quadratic
FM mode to a linear Goldstone mode due to the break-
ing of the U(1) symmetry. In BLQH, the capacitive term
is due to the difference between inter- and intra-layer
Coulomb interaction which explicitly breaks the SU(2)
to U(1) at any d > 0. Here the capacitive term Eq.21
is generated by the order from disorder mechanism. As
shown in Sec.3 and detailed in the SM, it is this capaci-
tive term which transforms the otherwise quadratic dis-
persion to the linear Goldstone mode as dictated by the
above exact symmetry breaking analysis.
Of course, in the S˜ basis, moving up along the left
axis ( λ > 1 ) is the Ising limit, down ( λ < 1 ) is
the easy plane limit where the U˜(1)z symmetry breaking
leads to the spin Goldstone mode. Using the relation
S˜zi = (−1)ixSzi , this Goldstone mode becomes the one at
(π, 0) in the original basis, which is precisely observed in
the PW-X phase in the limit λ < 1, β → 0+ as discussed
in Sec.2 Indeed, the roton gap vanishes β → 0+ as shown
in Fig.4a.
(a) Right Abelian point: Four linear gapless modes
reduce to two at λ = 1.
In the right π flux Abelian point (β = π/2, λ = 1),
the spin SU(2) symmetry becomes evident in the rotated
basis ˜˜Si = ((−1)iySxi , (−1)ixSyi , (−1)ix+iySzi ) which was
used in16,38. In the non-Abelian gauge at (α = π/2, β =
π/2), we find53 a spurious U(1) symmetry which leads to
a degenerate family of states connectingK1 = (π/2, π/2)
and K3 = −K1. A similar order from disorder anal-
ysis as in Sec.2 shows that quantum corrections select
the PW-XY state to be the ground state upto the spin
SU(2) symmetry. Taking the the PW-XY state as the
simplest quantum ground state, we find there are three
gapless linear modes at K1 = (π/2, π/2), K2 and K4,
one quadratic mode at K3. By performing a similar or-
der from quantum disorder analysis53 as that in Sec.3,
we find the quantum corrections change the quadratic
mode at K3 to a linear one. This is consistent with the
results achieved in15 using a Abelain gauge which explic-
itly keeps the spin SU(2) symmetry. In15, we showed
that there are strong quantum fluctuations induced by
the coupling between the off-diagonal long range order in
the SF sector and the magnetic orders in the spin order
( This is in sharp contrast to the case at the left Abelian
point discussed above where there is no such coupling.)
The complete symmetry breaking U(1)c × SU(2)s → 1
leads to 4 linear gapless modes. When transforming the
θ = π Abelian gauge to the present non-abelian gauge
with (α = π/2, β = π/2), the 90◦ co-planar state in15 be-
comes the PW-XY state, the 4 linear modes are shifted
to the 4 minima at (±π/2,±π/2).
When slightly away from the right π flux Abelian
point, the 4 minima shift to (±π/2,±k0), only 2 of the
4 gapless modes survive, one due to the U(1)c symmetry
breaking at (0,0), another due to the U(1)soc symme-
try breaking at (π, 0). While the modes at (0, 2k0) and
(π, 2k0) acquire gaps.
Of course, in the ˜˜S basis, moving up along the right
axis ( λ > 1 ) is the Ising limit, down ( λ < 1 ) is the
easy plane limit where there is another spin Goldstone
mode due to the ˜˜U(1)z symmetry breaking. Using the
relation ˜˜Szi = (−1)ix+iySzi , this spin Goldstone mode
becomes the one at (π, π) in the original basis, which
is precisely observed in the PW-XY phase in the limit
λ < 1, β → π/2− as discussed in Sec.5. Indeed, in this
limit, only (0, 0) and (π, π) modes become linear gapless
ones, but (π, 0) and (0, π) remain gapped.
7. Finite temperature phase transitions above
all the SF phases and transitions from the weak
to strong coupling
Now we briefly discuss the finite temperature phases
and phase transitions above all the SFs in Fig.1b. Of
course, due to the U(1)c symmetry broken in the SF
phase, there is always a KT transition T SFKT above all the
SFs. Due to the correlated spin-bond orders of the SFs,
there are also other interesting phase transitions associ-
ated with the restorations of these spin-bond correlated
orders at a finite temperature shown in Fig.5 and Fig.6.
The nature of these finite temperature transitions can be
qualitatively determined by the degeneracy of the ground
states: PW-X ( d = 2 ), Z-x SF ( d = 2 ), PW-XY ( d = 4
), ZY-x SF ( d = 4 ). At λ = 1, due to the breaking of
U(1)soc, there is also a KT transition T
soc
KT in Fig.7.
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FIG. 5. The quantum phase transitions at T = 0 are driven
by roton touchdowns. The finite temperature phase transi-
tions in (a) 0 < β < βc. There is a Ising melting transition in
the PW-X SF and Z-x SF respectively. The transition tem-
perature T2 ∼ ∆R ∼ |1−λ|β′ scales as the roton gap at (pi, 0)
in Fig.4a. There is a KT transition at T socKT to restore the
U(1)soc symmetry at λ = 1. Then there is another higher
KT transition at TSFKT from the SF to a normal fluid (NF).
(b) βc < β < pi/2, There is a Z4 clock melting transition
in the PW-XY SF and ZY-x SF respectively. The transition
temperature T4 ∼ ∆R ∼ |1 − λ| scales as the roton gap at
(pi, 0).
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FIG. 6. The quantum phase transitions at T = 0 are driven
by the softening of SF along the y direction ( namely the
bosonic Lifshitz transition with (zx = 1, zy = 2) ) in Eq.12.
The finite temperature phase transitions in (a) λ < 1. There
are KT transitions at TSFKT from the SF to a normal fluid (NF).
There is also a Ising and Z4 clock melting transition with
T2 ∼ ∆(pi, 0) and T4 ∼ ∆(pi, 2k0) above the PW-X SF and
PW-XY SF respectively. Note that as β → β+c , T4 ∼ ∆(pi, 0)
and β → pi/2−, T4 ∼ ∆(pi, pi). On the left and right axis, there
is also a KT transition due to the U(1) symmetry breaking
in the S˜U(2) basis and ˜˜SU(2) basis respectively. (b) λ > 1.
Note that as shown in Fig.1b, β0 > βc.
Now we briefly mention the transitions from the var-
ious SFs in Fig.1b at weak coupling to the magnetic
phases at the strong coupling16. At λ = 1, at the weak
coupling, the two SF states break both the U(1)c order
and also the U(1)soc symmetry, therefore supports two
kinds of linear Goldstone modes shown in Fig.3b. How-
ever, at the strong coupling, to the leading order of t2/U ,
it was shown16 the the Y-x state is the exact ground
state not only free of frustrations, but also quantum fluc-
tuations. It is a gapped Mott state which keep both
U(1) symmetry. So the two SFs to the Y-x state transi-
tion may go through the Y-x SF phase which still breaks
the U(1)c symmetry, but restores the U(1)soc symmetry
T
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FIG. 7. (a) The finite temperature phase transitions at
λ = 1. The finite temperature Z2 and Z4 transitions in the
λ < 1 case in Fig.6(a) are replaced by the KT transition in
the spin sector. The left and right dot stands for the S˜U(2)
and ˜˜SU(2) symmetry respectively. (b) The weak to strong
coupling phase transitions at λ = 1. The two broken symme-
tries U(1)c and Us(1) may not be restored at the same time
as the interaction increases. The Y-x SF phase breaks only
the U(1)c, but not the U(1)soc ( it could also be an insulating
phase which breaks only the U(1)soc, but not the U(1)c ). If
it is a Y-x SF phase, then the transition across the black line
is just the conventional SF-Mott transition. But the nature of
the transition across the purple line remains to be explored.
shown in Fig.7b. It may also go through an intermediate
insulating phase which breaks the U(1)soc symmetry, but
not the U(1)c symmetry.
8. Implications and detections on cold atom
experiments with Rashba SOC in optical lattices
Due to the heating issues associated with the SOC
generated by Raman laser scheme on alkali fermions,
it would be difficult to observe many body phenomena
on alkali fermions with the Raman scheme. However,
optical lattice clock schemes29 have been successfully
implemented30,31 to generate SOC for 87Sr and 137Y b.
this newly developed scheme has the advantage to sup-
press the heating issue suffered in the Raman scheme. It
can also probe the interplay between the interactions and
the SOC easily.
The TOF image after a time t is given by37:
n(~x) = (M/~t)3f(~k)G(~k) (24)
where ~k = M~x/~t, f(~k) = |w(~k)|2 is the form factor
due to the Wannier state of the lowest Bloch band of
the optical lattice and G(~k) = 1Ns
∑
i,j e
−~k·(~ri−~rj)〈Ψ†iΨj〉
is the equal time boson structure factor. For small con-
densate depletion in the weak coupling limit U/t ≪ 1,
〈Ψ†iΨj〉 ∼ 〈Ψ†0iΨ0j〉 where Ψ†0i is the condensate wave-
function Eq.3 at the mean field level. So the TOF can
detect the quantum ground state wavefunction directly.
All the SF phases and their excitations across the
whole BZ in Fig.1b, the transitions driven by the soften-
ing of the SF Goldstone mode or the roton touch down
in Fig.3 can be precisely determined by various exper-
imental techniques such as dynamic or elastic, energy
or momentum resolved, longitudinal or transverse Bragg
spectroscopies39–45, specific heat measurements46,47 and
In-Situ measurements48.
8DISCUSSIONS
In fact, all the quantum phases and phase transitions
in Fig.1 can be summarized as in the following global
picture: The SOC parameter β splits the phase diagram
into a 1D SOC regime where there are only two minima
at (0,±π/2) which are independent of the SOC param-
eter β ) and a 2D SOC regime where there are 4 minima
at (±π/2,±k0) which depend on the SOC parameter β
). The two regimes are connected by the bosonic Lifshitz
transition driven by the softening of SF Goldstone mode
with the dynamic exponent (zx = 1, zy = 2) and the ac-
companying Z2 transition breaking the Px symmetry in
the spin sector. The spin anisotropy parameter λ splits
each regime into two: below λ = 1 the states are plane
wave (PW) states, above λ = 1, the states are stripe
ones breaking translational symmetries of the lattice.
They are connected by second order transitions driven
by the roton touchdowns. The Tetra-critical point in the
λ = 1 line can be considered as the bosonic version of the
fermionic topological transitions also connecting the two
Abelian points with flux 0 and π driven by the collisions
of 2d Dirac fermions50 or 3d Weyl fermions51. The ex-
tension to generic Rashba SOC parameter (α, β) which
tunes the strengths of the frustrations will be presented
in a separate publication53. Of course, any α 6= π/2
breaks the U(1)soc symmetry explicitly.
As elucidated in52, there is just one sign difference on
the down spin hopping between the the Rashba SOC
model Eq.1 and the quantum anomalous Hall (QAH)
model27. But this sign difference makes the two mod-
els show dramatically different phenomena. In the QAH
model, the system has the [C4×C4]D symmetry, at h = 0,
it has an extra anti-unitary Reflection Z2 symmetry. The
transition driven by roton dropping is a first order one,
the quantum Lifshitz transition driven by the softening
of the SF Goldstone mode is a second order one. The two
transitions meet at a topological Tri-critical (TT) point
which separates the N = 2 XY-AFM from the N = 4
XY-AFM at h = 0 line. Both phases are gapped in the
spin sector and break the [C4×C4]D symmetry, but keeps
the Reflection symmetry, so can only be distinguished by
the topology of the BEC condensation momenta on the
two sides of the transition instead of any symmetry prin-
ciples. At the TT, the condensation momenta are along
the two crossing lines kx = ±ky and the dispersion also
becomes flat along the two lines. In the Rashba SOC
model, the system has the three unitary Px,Py,Pz sym-
metries at any λ. It has an extra U(1)soc symmetry at
λ = 1. The transition driven by roton touchdown is a sec-
ond order one, the quantum Lifshitz transition driven by
the softening of the SF Goldstone mode is also a second
order one. The two transitions meet at a Tetra-critical
point at βc which separates the PW-X phase from the
PW-XY phase at the λ = 1 line. Both phases support
the gapless linear spin Goldstone mode due to the U(1)soc
breaking, the PW-X phase keeps the Px symmetry, but
the PW-XY phase breaks the Px symmetry. Both break
the Py,Pz symmetry, so there is an accompanying Px
symmetry breaking across the T critical point. Across
the T point at βc ( Fig.1a), there is just N = 2 BEC
condensation momenta split into N = 4 BEC conden-
sation momenta instead having any continuous distribu-
tions of BEC condensation momenta or flat directions in
the dispersion relation, so the transition is just a conven-
tional symmetry breaking transition instead of a topolog-
ical one. The Rashba model in a Zeeman field at λ = 1
will be presented in a separate publication53. Of course,
any Zeeman field breaks explicitly the U(1)soc symmetry.
The Rashba SOC (QAH) model is topological trivial (
non-trivial ). So this work is complementary to that in
the QAH model studied in52. The results to be achieved
may shed lights on each other. It remains interesting to
investigate possible connections between the many body
phenomena of weakly interacting spinor bosons and the
topology of the underlying non-interacting energy bands.
The PW-X to Z-x ( or PW-XY to ZY-x ) phase tran-
sition as shown in Fig.3 can also be contrasted with a
superfluid (SF) to a supersolid (SS) transition of a sin-
gle component hard core boson in a triangular lattice
slightly away from 1/3 ( or 2/3 ) filling, also driven by
a roton touchdown1–8. The main difference here is: In
the former, the roton touchdown is tuned by the spin
anisotropic parameter λ inside a superfluid phase, at any
fillings within a weak coupling limit. The translational
symmetry breaking in Z-x ( or ZY-x ) comes from the
spin-orbit coupling. While in the latter, the roton touch-
down is tuned by t/V1 where V1 is the nearest neighbor
(NN) interaction, near the SF to Mott transition at 1/3
( or 2/3 ) filling. The solid component comes from the
underlying Mott phase at 1/3 ( or 2/3 ) filling. The SF
component comes from the interstitials ( or vacancies )
relative to the Mott phase.
Methods
1. The spin-orbital structure and the degener-
acy of the Z-x and ZY-x state.
When β > βc, as shown in Fig.M1a, the spec-
trum has 4 minima at K1 = (
π
2 , k0), K2 = (−π2 , k0),
K3 = (−π2 ,−k0), K4 = (π2 ,−k0), where k0 =
arcsin
√
sin2 β − cot2 β. The corresponding spinor is
χi =
1√
2
(
1
−eiφi
)
, i = 1, 2, 3, 4 (25)
where φ1 = arcsec(sinβ
√
1 + sin2 β) = φ0, φ2 = π − φ0,
φ3 = π + φ0, φ4 = −φ0.
The 4-fold degenerate ZY-x state can be written as
ΨZY-x1±2 =
1√
2
e−iK1·riχ1 ± 1√
2
eiφ0e−iK2·riχ2,
ΨZY-x3±4 =
1√
2
e−iK3·riχ3 ± 1√
2
eiφ0e−iK4·riχ4 (26)
whose spin-orbital structure can be easily evaluated as
〈ΨZY-x1±2 |~σ|ΨZY-x1±2 〉 = (0,− sinφ0,±(−1)ix cosφ0)
〈ΨZY-x3±4 |~σ|ΨZY-x3±4 〉 = (0,+sinφ0,±(−1)ix cosφ0) (27)
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FIG. 8. The spin-orbital structure of the 4-fold degenerate
ZY-x state at λ > 1 and β > βc.
which are shown in the following figure.
It is easy to see that the state differs by translation
by one lattice site along the row, but reverses the Y
component of the spin along the column. If setting
k0 = 0, φ0 = 0, the Y component vanishing, the 4-fold de-
generate ZY-x reduces to the 2-fold degenerate Z-x state
in the Fig.M1b.
2. The kinetic energy and currents in all the 4
phases in Fig.1.
Using the method in8, we will evaluate the conserved
density current in all the 4 phases in Fig.1. In the context
of 2d charge-vortex duality8, the vortex currents in the
dual lattice gives the boson densities in the direct lattice.
We can write the kinetic energy in Eq.2 as:
Hhop =
∑
i,µ
(ψ†iHµψi+µ + h.c.), (28)
where Hx = −teipi2 σx = −itσx, Hy = −teiβσy =
−t(cosβ σ0 + i sinβ σy).
Along a given bond (i, i+ µ):
ψ†iHµψi+µ = K − iI (29)
whereK is the kinetic energy and I is the current flowing
along the bond8.
As shown in Fig.1, for λ ≤ 1, the ground-state is a PW
state
ψi = e
iK1·riχ1, (30)
where, as listed in Eq.25, the k0 and φ0 take the piecewise
form
k0 =
{
0, β < βc
arcsin
√
sin2 β − cot2 β, β > βc
(31)
and
φ0 =
{
0, β < βc
arcsec(sinβ
√
1 + sin2 β), β > βc
(32)
By using the relations between k0 and φ0
tan k0 = tanβ sinφ0, cosφ0 =
1√
1 + sin2 β sin2 k0
(33)
We find
ψ†iHxψi+x =
{−t, β < βc
−t
sin β
√
1+sin2 β
≤ −t, β > βc (34)
and
ψ†iHyψi+y =
{−t cosβ, β < βc
−t sin β√
1+sin2 β
≤ −t cosβ, β > βc (35)
So there are no currents in both the PW-X and PW-XY
states. It is easy to show that the two equalities hold at
the quantum Lifshitz transition point βc.
For λ > 1, the 4 fold degenerate ground-state were
written in Eq.27. We find the results are the same as the
λ ≤ 1 case. So the kinetic energies stay the same across
the second order transition at λ = 1.
3. The gap and Goldstone mode generated by
the order from disorder mechanism
In this method section, we provide a unified scheme to
compute the mass generation of the roton mode at λ < 1
and the computation of spectrum of the Goldstone mode
at λ = 1 by the order-from-disorder mechanism. The
relations between the parametrization in the PW-X at
λ < 1 and λ = 1 has been established in Eq.20. Here,
we may just use the order from disorder variables in the
λ < 1 case. Since B(λ) in Eq.14 and Eq.21 is continuous
at λ = 1, so we only need focus on λ < 1 case and then
take λ→ 1− limit. We need to establish relation between
the φ variable in Eq.14 in the order from disorder analysis
and the original Bose fields in Eq.1.
The Bose condensation Eq.3 inspires us to parameter-
ize the most general Bose field in the polar-like coordinate
system as
Ψi = e
iχ√ρ [c1η1eiK·ri + c2η2e−iK·ri] (36)
where one can parameterize the two coefficients c1,2 in
the most general forms as in Eq.7
c1 = [e
iφ/2 cos(θ/2) + e−iφ/2 sin(θ/2)]/
√
2,
c2 = [e
iφ/2 cos(θ/2)− e−iφ/2 sin(θ/2)]/
√
2 (37)
and the two components spinors η1,2 as:
η1 =
(
e+iφ1/2 cos(θ1/2)
e−iφ1/2 sin(θ1/2)
)
, η2 =
(
e+iφ2/2 cos(θ2/2)
e−iφ2/2 sin(θ2/2)
)
(38)
Thus we can write Ψi = Ψi(ρ, χ, θ, φ, θ1, φ1, θ2, φ2).
Since we already found the quantum ground state is
the PW-X state which corresponds to the saddle point
values:
Ψi,0 = (ρ0, 0, π/2, 0,−π/2, 0, π/2, 0) . (39)
One can write down the quantum fluctuations around the
saddle point as:
Ψi = Ψi,0 + (δρ, χ, δθ, φ, δθ1, φ1, δθ1, φ2) (40)
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Now, we can separate the Bose field into the condensa-
tion part plus the quantum fluctuation part in the polar
coordinate system.
Ψi =
√
ρ0
2
(
1
−1
)
eiK·ri
+
√
ρ0
8
[
(
δρ
ρ0
+ iχ)
(
1
−1
)
+ (δθ1 + iφ1)
(
1
1
)]
eiK·ri
+
√
ρ0
8
(−δθ + iφ)
(
1
1
)
e−iK·ri (41)
where the third line explicitly contains the order from
disorder variable φ.
As written down in the previous sections, in the origi-
nal Cartesian coordinate, we have used:
Ψi =
√
N0
2
(
1
−1
)
eiK·ri +
(
δψi↑
δψi↓
)
(42)
After comparing both the eiK·ri and the e−iK·ri com-
ponents in the two equations Eq.41 and Eq.42, one can
express the order from disorder variable φ in terms of the
original Bose field:
φ(q) = − i√
2ρ0
[δψ−K+q,↑ + δψ−K+q,↓
− δψ¯K−q,↑ − δψ¯K−q,↓] (43)
where as expected, only the quantum fluctuations near
−K appear in the relation.
Thus we can express the quantum correction coming
from order-from-disorder mechanism in terms of the orig-
inal Bose fields as
δH =
∑
i
B
2
φ2i =
∑
q
B
2
φqφ−q (44)
which, we must stress, only holds near −K, so it will not
affect the Goldstone mode near K.
Finally, after combining with H2 in Eq.9, we arrive at
the Order from disorder (OFD) corrected Hamiltonian:
HOFD = H
(2) + δH =
1
2
∑
q
Ψ†q(M + δM)Ψq (45)
where the 4×4 matrixM was already obtained from the
PW-X calculation leading to Eq.9 and the δM in Eq.44
can be written as in a 4× 4 matrix form:
δM =
B
2n0


1 1 −1 −1
1 1 −1 −1
−1 −1 1 1
−1 −1 1 1

 (46)
We diagonalize the order from disorder corrected
Hamiltonian Eq.45 by a 4 × 4 Bogoliubov transforma-
tion:
HOFD =
2∑
l=1
∑
q∈BZ
ωl,q
(
β†l,qβl,q +
1
2
)
(47)
where ω1,q < ω2,q. So one only need to focus on ω1.
From the complete form of the dispersion ω1(− ~K+ ~q),
we can extract the long wavelength limit of the roton
mode as
ωR(q) =
√
∆R +BR[q2x + (cos β − C sinβ2)q2y ] (48)
where ∆R = ωR(q = 0) =
√
2BU(1− λ) is the roton
gap in Eq.15 generated by the order-from-disorder mech-
anism. The two coefficients BR = 2Bt/n0+ n0Ut(1− λ)
and C = 1 + BU [4t(1−3λ)+2B(1−λ)/n0+n0U(1−λ)
2]
[2B/n0+n0U(1−λ)][8t2+2n0Ut(1+λ)−BU(1−λ)]
<
1 represent the corrections to the Roton dispersion. Ob-
viously, setting B = 0, Eq.48 recovers the second equa-
tion in Eq.11.
Of course, due to the momentum separation as stressed
below Eq.44, the superfluid Goldstone mode ω1(~q) dic-
tated by the Uc(1) symmetry breaking remains the same
as listed in Eq.11 as
Going beyond Eq.15, Eq.48 not only contains the roton
gap ∆R in Eq.15, but also the correction to the dispersion
relation due to the order from disorder formalism. To
the best of our knowledge, this is the first ” order from
disorder ” calculation of the correction to the dispersion
relation beyond a gap calculation.
By taking λ → 1− limit in Eq.48, the roton gap van-
ishes and recovers the linear dispersion in Eq.22.
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